A LEFSCHETZ FIXED-POINT FORMULA FOR CERTAIN 
ORBIFOLD C*-ALGEBRAS 
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Abstract. Using Poincare duality in K-theory, we state and prove a Lefschetz 
fixed point formula for endomorphisms of crossed product C*-algebras Co (A) x 
G coming from covariant pairs. Here G is assumed countable, A a manifold, 
and A X G cocompact and proper. The formula in question expresses the 
graded trace of the map on rationalized K-theory of Co (A) XI G induced by 
the endomorphism, i.e. the Lefschetz number, in terms of fixed orbits and 
representation-theoretic data connected with certain isotropy subgroups of the 
isotropy group at that point. 



0. Introduction 

The goal of this article is to state and prove a 'noncommutative Lefschetz for- 
mula' for a certain class of orbifold C*-algebras A, and for a certain class of en- 
domorphisms a: A — > A. The C*-algebras in question are the crossed products 
A = Cq(X) x G where X is a manifold and G is a countable group acting co- 
compactly and properly on X. It is well-known that such actions give rise to 
orbifolds, and that the groupoids X x G are Morita equivalent to the correspond- 
ing orbifold groupoids. The endomorphism a: A — » A is associated to a covariant 
pair (</>,£) where <f>: X — > X is a map and £ G Aut(G) is a group automorphism, 
with £ and <f> satisfying the equivariance condition (f>[C{g)x) — 94>( x )- Note that 
this data corresponds to a self-map cb: G\X — > G\X of the space of orbits, to- 
gether with a coherent family of (finite) group homomorphisms, going between the 
isotropy groups attached to the orbits. It corresponds to an automorphism of the 
orbifold determined by the action of G on X. We consider the corresponding orb- 
ifold Lefschetz number taken by the trace of the induced map on the K-theory of 
the crossed-product C*-algebra A = Cq(X) y\ G: 

(0.1) Lef(a) := trace s (a* : K*(A) Q -> K*(A)q). 

The symbol trace s denotes the graded trace (the trace on K minus the trace on Ki), 
and a* is of course the map induced on K-theory by the automorphism a : A — > A. 
We aim to compute the Lefschetz number of a in geometric terms. Specifically, we 
are going to compute it in terms of 1) the fixed orbits of the spatial map of the 
orbit space G\X, and 2) representation-theoretic information about the isotropy 
assigned to each such fixed orbit. 

The geometry here is therefore in some sense the geometry of the primitive ideal 
space of the crossed-product C*-algebra A, which as a set is a bundle over G\X with 
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fibre over x € G\X the irreducible dual of Stabc(a;), for any choice of x G x, but 
which as a topological space has multiple points at orbits with nontrivial isotropy. 

If G is trivial, or more generally, acts freely, then only fixed points of the induced 
map on the quotient G\X are detected, and we get essentially the classical Lefschetz 
fixed point theorem for G\X. 

At the other extreme, where X is trivial (is a point) and, hence G is finite, we 
just have an automorphism of a finite group. Our Lefschetz theorem then recovers 
the following well-known fact about automorphisms of finite groups: 

(0-2) #(Fix(C: G^G)) = -L £ | Z c (g)\, 

|G| sec 

where Z^(g) = {h E G \ ((h)g = gh} and £: G — ► G is the permutation of 
the irreducible dual of G induced by the automorphism. This theorem is often 
expressed in terms of 'twisted conjugacy classes' instead, the right hand side is 
trivially seen to be the number of ^-twisted conjugacy classes in G. 

In the general case, the local Lefschetz data around a fixed orbit in our theorem 
can be described as follows: the automorphism generates a family of subgroups 
of the isotropy group of each fixed point, and for each such subgroup, a virtual 
character of that subgroup. The characters are individually averaged, and the 
results added up. 

We now explain this in a little more detail. 

Let p: T — > 0(n, R) be an orthogonal representation of a finite group T, and 
A e GL(n,R) a self-intertwiner of this representation; i.e. A commutes with p(T). 
Using this data we can define a conjugation-invariant function 

(0-3) X(p.A) ■ T -» Z, X( P ,A)(g) = sign dct( J 4| Fi3c(g) ), 

which we call the orientation character of the pair (p, A) . Of course if g € T then 
Fix(g) is an A-invariant linear subspace of R™ so this makes sense. 

A pleasant and apparently not entirely obvious fact is that X(p,A) is a virtual 
character, that is, a difference of characters, of the group T. We prove this. Indeed, 
this 'integrality result' follows from index theory. It turns out that X(p.A) is the 
virtual character associated to the T-equivariant analytic index of the T-equivariant 
Schrodinger-type operator obtained by perturbing the de Rham operator d + d* on 
L 2 -forms on R n by the covector field x \— > AX, where X(x\ ,x n ) — x\dx\ + • • • + 
x n dx n . 

Of course, now the fact that X(p,A) is a character implies that its average over 
the group with respect to normalized Haar measure is an integer, since by elemen- 
tary representation theory this gives the dimension of the component of the trivial 
representation of the virtual representation corresponding to the virtual character 

X(p,A)- 

Returning to the general situation of G acting on X, choose a point p from each 
fixed orbit of the induced map <f>: G\X — > G\X. For each p we have a secondary 
group action, and covariant pair, as follows. 

Let L p := {g e G | <p(gp) — p}; then we have a group action of the isotropy 
group Stabc(p) on L p by twisted conjugation h ■ g := ((fygh^ 1 . Let the orbits of 
this action be represented by elements gi, ■ ■ ■ ,g m - For each i, let T p ^ C Stabc(p) 
be the stabilizer of gi under this action. One easily checks that r Pji commutes 
with (j) ° gi and hence, differentiating and identifying the tangent space at p with 
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R™, one obtains a representation p p i : T Pt i — > 0(n,R) and an intertwiner A 
Id — (<f) o gi)'(p). Then our Lefschetz theorem reads as following: 

Theorem 0.1. In the above notation 



The technique on which the proof of our orbifold fixed point theorem relies on is 
quite general, and can be phrased for general C*-algebras: we use the fact that for 
C*-algebras satisfying the Kunncth theorem and the UCT and in addition satisfying 
Poincare duality in K-theory, the Lefschetz number of an endomorphism can be 
phrased as an index problem. This index problem arises from the automorphism 
and the cycles representing the fundamental classes of the duality. More precisely, 
the Lefschetz number can be realized as a Kasparov product in KK(C,C): one 
twists the fundamental class of the Poincare duality by the automorphism, then 
pair with the dual fundamental class. This index is computable in some situations 
by a local formula, as happens here. For more details of the general idea and an 
application to endomorphisms of Cuntz-Krieger algebras, see the preprint [8]. 

That the C*-algebras Cq(X) x G and C T (X) x G are Poincare dual is proved 
in [BJ. It can be deduced from results of Kasparov on equivariant KK-thcory. 
However, for purposes of applying the abstract Lefschetz formula of [Sj we need 
explicit descriptions of the fundamental classes A and A. The first part of the 
paper is devoted to finding such representatives. 

In the second part, we analyse the orientation character X(p,a) and in the third 
this becomes the critical ingredient in the computation of the appropriate index 
pairing, which yields the Lefschetz theorem, Theorem lO.il 

The problem of giving a good description of the K-theory of such orbifolds as 
appear here will be dealt with elsewhere. Such a description is needed to give a 
good formula for the global Lefschetz number of an automorphism. At the mo- 
ment it seems to us to be a (surprisingly) delicate problem, however, and to keep 
down the length of the article, we have restricted our attention here to establishing 
the formula modulo K-theory computations with a focus on the geometric, local 
description of our Lefschetz invariants. 

Note 0.2. All groups occurring in this paper are discrete. We generally use group- 
algebra notation in connection with crossed products. Thus, if A is a G-C*-algebra, 
then A x G is a completion of the linear span of the elements a [g], with a S A and 



Let A be a complete Riemannian manifold and let G be a countable group acting 
isometrically, co-compactly and properly on A. Let C T (A) denote the algebra of 
continuous sections of the Clifford algebra bundle of A. Since the group G acts 
isometrically on A, the action extends to an action of G on C T (A). We can form 
the crossed product C T (X) x G. To fix notation, we denote by 



pGFix(0) 1 her P:i 
where the \p v « are the index characters, as in (|0.3p . so that 
X P A h ) = signdet(id - D p (cf) o g)\ Flxih) ). 




geG. 



1. Fundamental classes 



d x g '■ T g -i x X — ► T X X 
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the differential of the action of g on X at the point y = g~ 1 x. It extends uniquely 
to a *-homomorphism d x g : Cl(T g -i x X) — > Cl(T x X) and the action of G on the 
Clifford bundle C T (X) is given by 

g{ip){x) = d^ipig^x)), 

for ip G C T (X), x e X and g G G. 

In this section, we are going to first review the proof of the Poincare duality 
between Cq(X) X G and C T (X) x G, and then, using the proof, compute the fun- 
damental classes for this duality. Let us first recall the following two equivalent 
definitions of Poincare duality. 

Definition 1.1 (c.f. [6], [7]). Let A and A be C* -algebras. Then A and A are 
Poincare dual 

(i) if there exist classes, called fundamental classes, A G KK(A®A, C) and 
A G KK(C, A<i)A) such that A<g)^A = 1a and A®aA = 1^. or equivalently, 

(ii) if for every pair of C* -algebras A and B, there is an isomorphism 

<S>a,b ■ KK(A® A B) KK(A, A®B) 
natural with respect to intersection and composition products. 

Remark 1.2. It is easy to see the equivalence of the two definitions of Poincare 
duality. The isomorphism <&a,b of (ii) can be obtained by the cap product with the 
class A over A and the inverse is given by the cap product with the class A over A. 
On the other hand, for a given system of isomorphisms {$a,b}, one can get classes 
A = $g,(lx) and A = $ c ,a(1a). 

Remark 1.3. Note that when we say A and A are Poincare dual, we already im- 
plicitly used the fact that Poincare duality is symmetric. Indeed one can show that 
A' := cr*(A) G KK(A®A,C) and A' := cr*(A) G KK(C,A®A) satisfy Condition (i) 
in Definition II. 1[ where a is the flip isomorphism. 

Note 1.4. Under these circumstances, the maps 

A*: K*(A) — ► K*(A), x^x 

and 

A* : K*(A) — > K*(A), y ^ y 
are inverse isomorphisms. Similarly, the maps 
A*: K*(A) -> K*(A), x^x 

and 

A* : K*(A) — > K*(A), y^y 
are inverse isomorphisms. 

Recall that Kasparov duality (see [10] for an extensive discussion, or the original 
source jT5J Theorem 4.9]) states that, in this situation, and more generally where 
G is allowed to be locally compact, there is a canonical isomorphism 

(1.1) K a ,b ■ RKK G (A; A, B) => KK G (C r (X)®A, B) 



:= (1 A ® a;) ® AgX A 
: = A ® a »a (l X ®v) 
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for any G-C*-algebras A and B. If G is discrete, then for A and B equipped with 
the trivial G-action, we have the following canonical isomorphism 

(l2) C a ,b ■ KK G (C T (X)®A,B) 4 KK((C T (X) x G)®A,B); 

[(£,<p,F)] -> [{£,<px7r,F)], 

where it is the group representation on £. Moreover, if such G acts properly on X, 
then, as a consequence of [171 Theorem 5.4], we have an isomorphism 

(1.3) E A>B : RKK G pf ; A, B) 4 KK(A, (C (X) x G)®B) . 

Combining all the isomorphisms above, we have Poincare duality between 
Cq(X) x G and C T (X) X G as follows: for all C*-algebras A and B with trivial 
G-action, there exists an isomorphism 

c -1 

$ab : KK((C T (X) x G)<g>A, B) KK G (C* T pO<^4, B) 

( L4 ) ^ B RKK G (X;A,S) 

^ KK(A, (G (X) x G)®B) , 

which is natural with respect to intersection and external products. 

Now using the above system of isomorphisms {3>a,b} and the equivalence of 
the two definitions of Poincare duality (see Definition 11.11 and Remark ll.2|) as well 
as the symmetry of Poincare duality ( Remark ll.3[) . we can compute fundamental 
classes 

(1.5) A = o-*(*c 1 (x)xig,c( 1 Co(x)xg)) and A = a^c,c r (X)xG^c T (x)xG)) ■ 

For explicit descriptions for A and A, we need an extensive discussion on the map 
&a.b, he., the maps Ca,b, Ka.b and Ea,b- We already know the map Ca,b- 
The map Ka,b is the isomorphism of Kasparov's first Poincare duality. Recall the 
following Remark 11.51 and Lemma 11.61 from |15j . 

Remark 1.5. (i) Let d : L 2 (A^X) — > L 2 (A* C X) denote the (densely defined) 
de Rham operator. Let D = d + d* and let F be the pseudodifferential 
operator D(l + D 2 )-*. Then (L 2 (A^X),F) is a cycle for an element in 
KK G (G T (X),C) where the action of C T (X) on L 2 {K* C X) comes from the 
identification as vector bundles of the Clifford bundle of X and the exterior 
bundle. We denote this cycle by [D]. 
(ii) The map 

°x,c T (X)- RKK G (X; A, B) -» KK G (C T (X)(&A, C T (X)®B) 

associates to a cycle (£, F) for RKK G (X; A, B) the cycle (C T {X)® Co {x)£, 1®F) 
for KK G (G r (X)®A, C T (X)®B). The map crx,C r !X) is natural with respect 
to intersection products in the sense that 

ax,CAx)(f®Bf') = °x,c r {x){f)®c T {x)®Bax{f), 

for / e RKK G (X; A, B), f e RKK G (X;B,G). 
(hi) The map 

: KK G {A, B) -> RKK G (X; A, B), 

at the level of cycles, tensors with the standard representative of lc (x) € 
KK g (Co(X),Cq(X)). Note that p^f is natural with respect to intersection 
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products in the sense that p* x {h®Bh) = (Px(h))®x,B(Px(h)) for h e 
KK G (A,B), h G KK G (B,C). 
(iv) Let p denote the metric on X. Then there exists an open neighbour- 
hood U of the diagonal in X x X where for every point (x,y) £ U 
there exists a unique geodesic from x to y. For such U let .Fy 
be the ideal of Co(X)®C T (X) of Clifford sections supported on 
U. Since G acts isometrically and cocompactly on X, there exists 
e > such that U e := {(x,y)\p(x,y) < e} is contained in the set 
U. Let 6 e (x,y) — pt ^ x ^ (d y p){x, y). Then (Tu l ,O t ) defines a cy- 
cle in RKK G (X;C,C T (X)) with t as a multiplicative operator and 
[(Fu c ,8e)] = [{Fu c ,,8e>j\ for an y < e' < e. We denote the class [{T Ut , 6 e )) 
by Q, and we shall simply write {TjjtO) if we do not want to specify the 
special e used in the construction. 

The following is a special case of Kasparov's [T5J Theorem 4.9]: 

Lemma 1.6. Let G act isometrically and cocompactly on a complete Riemannian 

manifold X . The composition 

(1.6) 

K a ,b : RKK G (X; A, B) " x ^ x) KK G {C T {X)®A, C T (X)®B) KK°(C T (X)®A, B) 

is an isomorphism with inverse the composition 
(1-7) 

K A X B : KK G (C T (X)<E)A,B) ^ RKK G (X;C T (X)<E>A,B) ^ RKK G (X;A,B). 

The map Ea.b is the isomorphism from |17l Theorem 5.4]. To understand the 
map Ea,b explicitly, we need to understand two ingredients. Firstly, the descent 
homomorphism 

(1.8) descent: RKK G (X; A, B) -> KK(C a (X,A) x G,C (X,B) x G). 

Secondly, the unit class [E] £ Ko(Co(X) » G), defined whenever G\X is compact: 
[E] is defined by the finitely generated projective right Cq(X) X G-module E which 
is the completion of C C (X) with respect to the inner product 

(1.9) ((f, <p')(x, g) = <p(x)<p'(gx). 

For future reference, the right action of Cq(X) x G on E is given by 

(1.10) <pf(x)=<p(x)f(x), <pg{x) = <p(gx), g£Gj£C (X). 
Remark 1.7. [E] is also represented by the projection P £ Cq(X) x G, 

gee 

where ip £ C C (X) is chosen so that < ip < 1, J2 g eG dif) 2 — 1- See [I]. 

Lemma 1.8 ([17, Theorem 5.4]). Let G act on X isometrically and properly. The 
map E a ,b ■ RKK G (X; A, B) — > KK(A, (C Q (X) x G)<g>B) given by the composition 

(1.11) RKK G (X; A, B) dc ^ nt KK(C (X, A) x G, C Q (X, B) x G) 

'^KK(A, (C (X) x G)®B) 
is an isomorphism whenever A and B are G-trivial C* -algebras. 
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Remark 1.9 (c.f. [T7]). The map Ea.b can be explicitly described as follows. Sup- 
pose we have a cycle (£, F) for RKK G (AT; A, £?). Then £ is a right Cq{X, B)-module, 
and a left Cq(X, j4)-module, and the two actions of Go (AT) on the left and right 
agree. Furthermore, the group G acts on £. We can assume by averaging that F is 
exactly G- invariant. Now we complete the compactly supported elements of £ to a 
right Cq(X, B) x G-module £ using the inner product valued in Cq(X, B) x G, 

(1.12) (c,o = E^MO)w- 

The right action of Cq(X, A) x G is given by letting Cq(X, A) act as originally, and 
G acting by £h = 

Finally, we note that adjointable operators on the right Cq(X,B) x G-module £ 
are in I -I -correspondence with G-equivariant operators on £ . (Generalizations of 
the isomorphism Ea,b ar e given in 15].) 

Now we are going to construct fundamental classes A and A. First, we construct 
the class A. Recall Remark 11.51 (i) for the discussion below. We dehnc two com- 
muting *-homomorphisms C T (X) x G — > M(L 2 (h* c X)®l 2 G) and C (X) x G -> 
B(L 2 (AJX)(g)£ 2 G), by constructing two corresponding covariant pairs. We let 
e g G £ 2 G denote the point-mass at <? G G. 

The *-homomorphism C T (X) B(i 2 (A^.X)®^ 2 G) is defined by the covari- 

ant pair 

(1.13) <f(£®eg) = V ■ £®e g , H^e g ) = h-£®e gh -i, 

for g,h G G,£ G L 2 {K* C X)^ G C T (X). The *-homomorphism C (X) X G -> 
B(L 2 (AJX)<g>£ 2 G) is defined by the covariant pair 

(1.14) f(Z®e g )=g- 1 (f)-£®e g , h{£®e g ) = £&e hg , 

for / G Co(X),g,h G G, £ G L 2 (AJX). The dots indicate the actions already 
implied in the cycle I? = (L 2 (A£X), F) of Kasparov (see Remark 1 1. 51 (i)); note that 
Cq(X) embeds in C T (X). Observe that the two *-homomorphisms just defined 
commute, and so determine a *-homomorphism 

n : Co(X) x G<E>C T (X) x G -> M(L 2 (A* c X)®l 2 G). 

Let g G G, / G Go (AT) and 93 G G T (AT) be compactly supported. If T is a locally 
compact operator on L 2 (A^X), e.g. if T = F 2 — 1, then 

(/®^)(r<8l)(^e ff ) = g-^fitpT&eg, 

so that (/®</?)(T(g)l) acts as the block diagonal operator seG g~ 1 (f)ip(T®l), 
which has compact blocks. As 

g-\f)ip = for ff i H := {h G G | /i" 1 (supp(/)) n supp(^) ^ 0}, 

and since the indicated set H is finite, since G acts properly, there are only 
finitely many blocks. Thus (/(§)<£>) ((F 2 — l)®l) is compact. This observation 
and similar ones prove that the Hilbert space L 2 (A^X)(g)£ 2 G equipped with the 
*-homomorphism II : C T {X) x G®C (X) x G -> B(L 2 (A* AT)<g>^ 2 G) defined above 
and the operator F®1 defines a cycle for KK(G (AT) x G®C T {X) x G, C). 

Definition 1.10. We define 

A G KK(G (AT) x G<§C T (X) x G,C) 
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to be the class of the cycle (L 2 (A^X)®g 2 G, II, F<g)l) above. 

We shall show below that A coincides with the fundamental class of (11.51) . 

The dual class A is more complicated to write down. Recall the class = 
[(J-u,d)] from Remark 11.51 (iv). We consider the completion £ of C c {X)Tu®CG 
(with action of G C (A) with respect to the first variable in U C X x X) equipped 
with the following C T (X) x G®Cq(X) x G- valued inner product: 

(1.15) (a®[g],a'®[g'}) = Y,9' l {pc*h{a'))[g- 1 hg'}®[g- l h]. 

h£G 

Here [<? _1 /i] is understood as in G C Cq{X) x G, [g^hg'] is understood as in 
G C G T (A) x G and g _1 (a*ft-(a')) is understood as in C t {X)®Cq{X), equipped 
with the diagonal G-action. The right module-structure is given by 

(«<%])/ = /«<%], (a®fo])/i = /i- 1 (a)®['*~ 1 5]» 
(a®[s])V» = os(^)®[fl'], (a®[ 3 ])/i' = a(g)[ 3 /i'], 

where / € G (X),/iG G C C (X) x G and ip G C T {X), h! G G C G T (X) x G. 

Note that any G-invariant element of M(G T (A)(g)Go(A')) acts as an operator on 
5 by multiplication in the ^-"[/-variable. The G-invariance is needed to commute 
with the action of G C Go (A) x G on the right. 

Deflnitionl.il. TTie doss A G KK(C, C T (X) x Gg)G (A) x G) is given by the pair 
(£, Oq), where we let 9g be the operator on £ induced by the G-invariant multiplier 
9 of Tjj C Cq(X)®C t {X) described above, and £ is the Hilbert module as above 
with the inner product and the right actions given in (|1.15p and (|1.16|) . 

Now we need to prove that the classes A and A defined above are actu- 
ally the fundamental classes for A = Cq(X) x G and A = C T (X) x G, i.e., 
they satisfy identities A = a* (^ofXIxG c(^Co(x)*g)) <= KK(A<gA,C) and 
A = o-*(<P c , Ct (x)xg(1cax)xg)) G KK(C, A(g)A)) from (JT3J), where a denotes the 
flip isomorphism. This will follow from 

Proposition 1.12. Let A and A be the classes defined in Definitions \1.1Q] and 
\1.11\ and let \ be the isomorphisms (|1.4p . Then 

(1.17) ff»(*C,C T (X)MG(lc T (X))«G)) = A, and *c (X)xGx( cr * A ) = 1 C (X)xG- 

For the proof, we need some preliminary discussion. 

Definition and Remark 1.13. We give - here and elsewhere the crossed product 
Cq(X) x G the structure of a trivial G-G*-algebra. Let A be an X x G-algebra. 
The multiplication class mj is the class 

m A G KKK G {X;A®C {X) x G, A) 

given by the cycle (A®£ 2 G, 0), where the right Hilbert ^-structure of A®l 2 G is the 
obvious one, and the further module structures are as follows. 

Note that there are two G's involved here; one the G which appears in 7?.KK G , 
the other which appears in the crossed product Go (A) x G. To reduce confusion, we 
refer to the action of the former as the equivariant action. The equivariant action 
of G on A®£ 2 G is then given by h(a®e g ) = h(a)®e gh -i. The Go(A)-structure is 
by multiplication in the A factor. 
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The representation of the crossed product is given by the covariant pair 

f(a®e g ) = g~ 1 {f)a<S>e g , h(a(ke g ) = a®eh g - 

One easily checks that this is a covariant pair. The left actions of Co(X) x G and of 
Cq{X) clearly commute, and, finally, the *-homomorphismCo(A)xG — > M(A®t 2 G) 
is equivariant - that is Cq{X) x G acts as G-invariant operators on A®£ 2 G. Since 
the action of A<S>Cq(X) x G is by compact operators on A®£ 2 G we get a cycle as 
required. 

Lemma 1.14. The isomorphism E Co ^ X )-ag,C'- RKK g (X; Co(X) x G, C) — > 
KK(C pO * G,C (X) x G) maps m Co(x) to l Co (X)nG- 

Proof. Apply the explicit description in Remark 11.91 We get the completion of 
Co(X)®CG with respect to the following inner product: 

{a®e g ,a'®e gl ) = a*g^ 1 (g'(a'))[g^ 1 g'} e C (X) x G, for a, a' e C (X),g,g' € G 

and the right Co(X) x G-module structure 

(a®e g )f = fa<g>e g , (a®e g )h = h~ l {a)®e g h. 

The left action of Go (X) x G is given by 

f{a®e g ) = g~ 1 (f)a®e g , h{a®e g ) = a®e hg . 

Let Cq(X)®£ 2 G be the completion of the above to a Hilbert module. We define a 
map W : Cq(X)®£ 2 G — > Go(X) x G, where the co-domain has its standard Cq(X) x 
G-bimodule structure, by the formula 

W{a®e g ) =g(a)[g}. 

Then 

(W-^a^W-Ha'W))) = (g-Ha)®e g ,(gr\a')®e g ,)=g- 1 (a*a')[g- 1 g% 

and 

W-^a^h) = W-^aigh}) = /i" 1 (g-\a))®e gh = (g-\a)®e g )h, 
W-Ha\g]f) = W-\ag{f)[g]) = ^(a)/®^ = {W-\a[g])) f. 

Hence W gives an isometry between the inner product we have defined initially, 
on Co(X)®CG, and the usual inner product on the free, rank one Hilbert Co(X)x\G- 
module. 

Similarly, one checks that W conjugates the left Co(X) x G-module structure we 
have defined above, and the standard one by algebra multiplication. 

Therefore the image of the class mc (x) under the map Eq / X )xG,C sends the 
cycle for the multiplication class, to a cycle which is unitarily equivalent to the stan- 
dard representative of lc (x), so that E Co {x)»G,c(mc (X)) = 1 c (x) as claimed. 

□ 

Proof of Provosition ["PH Consider first the fundamental class A. This is accom- 
plished by a direct computation: by Lemma 11.141 it remains to apply the map, 
from Remark ll.5l (ii), 

a XtCAX y.RKK G (X;C (X) x G,C) -» KK G (C T {X)®C {X) x G,C T (X)) 

to the class rnc (x)- A straightforward application of the definition gives the cycle 
(C T (X)(&£ 2 G, 0) . The left action of C T (X) is given by ip{a<g>e g ) = ipa®e g , the group 
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G acts by h(a®e g ) = h{a)($e g h-i . The left action of Cq(X) X G is given by the 
covariant pair 

f(a®e g ) = g' 1 {f)a®e g , h(a®e g ) = a(&e} lg . 

Finally, we take the product of the class of this cycle, with the class D € 
KK G (C T (X),C) of Kasparov (see Remark 11.51 (i)). Comparing to Definition 11.101 
we see that the modules are the same. The axioms for a Kasparov product imply 
that the operator involved in the product is also that described in Definition 11.101 

The assertion regarding A is similar but slightly more straightforward; we leave 
its confirmation to the reader. □ 



2. The orientation character 

Before proceeding to the Lefschetz theorem, we need to perform an index cal- 
culation on Euclidean space R™ generalising the computation of the index of the 
Schrodinger operator 4- ± x on L 2 (R) (see [32] )■ The analogue for R" of the har- 
monic oscillator in dimension 1 is the operator D + X, where D = d + d* is the de 
Rham operator acting on L 2 (AJ.R"), and X is Clifford multiplication by the form 
xidxi + ■ ■ ■ + x n dx n on R". The (unbounded) cycle (L 2 (A^X), D + X) represents 
the Kasparov product 

pq®c T (R»)[£] G KK°("< R >(C,C) = R(0(n,R)) 

of the class [D\ of the de Rham operator (see Remark II. 5ft the generator [X] £ 
KK° ( "' R) (C,CV(R")) constructed via the vector field X as explained below. It 
is the content of Kasparov's Bott-periodicity theorem [HI Theorem 7 of §5] that 
[X]®c T(r) [fl] = l6R(0(n,l)). 

In this section we extend Kasparov's calculations to the following more general 
situation: we assume that T is a compact group acting on R" via an orthogonal 
representation p : T — > 0(n,R). Moreover, we shall assume that A £ GL(n,R) 
commutes with p. We then obtain a T-invariant Fredholm operator AX + D (or a 
bounded version of it) and we need to compute the T-index 

index r (AX + L») e R(r). 

We shall do this in two different ways: in a first version we make use of Kasparov's 
ideas for the proof of his Bott-periodicity theorem by reducing the computations 
to appropriate two- and one-dimensional subspaces. In a second version we sketch 
the argument how the result can also be obtained from a use of the Atiyah-Singcr 
Index Theorem for open subsets of M. N (see [2]) together with some calculations 
given by Atiyah and Segal in [T]. 

Before we do this we need to recall the relation between vector fields on a man- 
ifold X and corresponding classes in Kq(C t (X)). So let X be any Riemannian 
manifold such that the compact group T acts isometrically on X. Suppose that 
v : X — > TX is a T-invariant continuous vector field on X such that there exists a 
compact set K C X with v(x) ^ outside K. We then say that v is co- compactly 
supported. From v we construct a new vector field v as follows: choose a T-invariant 
positive continuous function (p : X — ► [0, 1] such that ip = on K and such that 
l-<p€ C {X). Then set 

v{x) '^^Mxjll- 
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The vector field v acts as self-adjoint bounded operator on C T (X) by point- wise 
Clifford multiplication such that v 2 — 1 (which is point-wise multiplication by 
x i ► (||u(x)|| 2 - 1)) lies in C T (X). It thus defines a class [v] € KK r (C, CV (A)) = 
Kl{C T {X)). 

Two such vector fields vq,V\ : X — > TX are said to be homotopic, if there exists 
a co-compactly supported T-invariant continuous map v : X x [0, f] — > such 
that £) € T X X for all (a;, i) € X x [0, f ] and 

«Ux{0}=«0 and w|x x {i}="i- 

Lemma 2.1. Suppose that v : X — > TX is a co-compactly supported T '-invariant 
continuous vector field. Then the class [v] G Kq (C t (X)) does not depend on the 
choice of the function ip. Moreover, two homotopic co-compactly supported vector 
fields on X determine the same class in Kq(C t (X)). 

Proof. Suppose that v(x) ^ outside the compact set K C X and suppose that ipo 
and ipi are two functions which vanish on K and which have value 1 at oo.. Then 

v 

IMI 

is an operator homotopy between vq and v\ which proves the first assertion. A 
similar argument gives the second assertion. □ 

Recall from Remark 11.51 the construction of the Dirac class [D] — [Dx] € 
KK£(CVpO,C) given by the dc Rham operator D = d + d* : T 2 (AJ(X)) -> 
L 2 (A^(X)). Note that if U C X is any open T-invariant sub-manifold, then [Dx] 
restricts to the class [Dy] under the canonical inclusion ljj : C T (U) — > C T (X). The 
following basic (and certainly well-known) lemma turns out to be extremely useful 
for our computations. 

Lemma 2.2. Suppose that v : X — > TX is a co-compactly supported T -invariant 
vector field on X . Let K C X be compact such that v does not vanish outside K 
and let U C X be an open V -invariant neighborhood of K in X. Then 

[vu] ®c T {u) [Du] = H ®cax) [D] S R(r), 
where vjj : U — > TU denotes the restriction of v to U. 

Proof. By the construction of the class [v] we may assume without loss of generality 
that there exists a compact T-invariant set C C U such that ||u(a;)|| = 1 for all 
x ^ C. The Kasparov product [v] ®c T (x) [D] is represented by the pair 

D 



(2.1) (L 2 (A* C (X)),T) with T = X v{x) + A; (x) + y /l- \\v(x)\\ 2 -j= 



D 2 



with Z? = d + d* , which can be deduced from [HI Remark 3 on p. 541]. Since 
||i>(x)|| 2 = 1 outside U, it follows that the second summand vanishes on X \ U. 
It is then clear that L 2 (A^(X)) decomposes into the direct product of T- invariant 
subspaces L 2 (A* C {U)) L 2 {A* C {X\ U)) such that the restriction of T to i 2 (A* ([/)) 
gives the product [vjj] ®c x (t/) [Du] (since D is local). The restriction of T to 
L 2 (A^(X\ U)) is given point-wise by the unitary operator A„( x ) +A*/ X ) (it is unitary 
since ||u(x)|| = 1) and hence has index 0. □ 
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Remark 2.3. Suppose that (£i,4>i,Fi) and (£2,^2,^2) are two Kasparov cycles 
giving elements x G KK G (A, B) and y G KK G (_B, C), respectively, where we assume 
here that G is a compact group. Assume that both operators F\, F2 are G- invariant 
and self-adjoint with ||-Fi|| < 1. Suppose further that F G M(Ei®b£2) is a self- 
adjoint i^-connection, i.e., 

9 ? F 2 - (-l) d °g(«)-deg(F 2 ) Fe ^ g K (£ 2; £ l( ^ s £ 2 ) 

for all £ € fi, where 0^ : £2 — » £i<S>b£ 2 ; ?7 | — ► £,®bV- Let 

/ 1/2 

T = (Fx <gs 1) + y'l - F? <g> 1 F g B(fi(»B^!). 

It follows then from 18.10.1] that (£1 ®b £2, <t>i ® 1, T) is a representative for the 
Kasparov product x(g) S y G KK G (^, C), provided [T, <f>i(A)®l] G K(£ i&bZi)- For- 
mula lj2.1[) is a direct consequence of this principle. But we shall use this principle 
also in a more advanced setting in §3 below. 

We now specialize to the case where X — V is a finite dimensional Euclidean 
vector space together with a linear action p : T — > 0(V). We want to give explicit 
computations of the product [v] ®c T {v) [Dv] in case where v : V — > TF = V x V is 
given by v(x) — Ax for some A G GL(F) which commutes with the representation 
p. We shall always write AX for this vector field. We shall show below that the 
product [AX] l S>c T (V) [D] G KK r (C, C) = R(r) is equal to the orientation character 
X( P ,A) as in 

Definition 2.4. Let p: T — > 0(F) and A G GL(F) as above. The orientation 
character X(p,A) '■ F — > Z is £/ie conjugation-invariant function on T 

X( P ,A)(g) '■= si g ndet ( A iF,x (3) )' 

where Fix(<7) C F denotes the space of fixed-points for g G I\ 

The set Fix(g) is of course a linear subspace of 1/ invariant under A, so the 
formula makes sense. It is clear that X(p,a) * s conjugation-invariant. The remaining 
part of this section is devoted to the proof of 

Theorem 2.5. The orientation character X(p.A) * s 0, virtual character ofT (i.e., 
a difference of two characters). Under the identification of R(T) as the ring of 
1-linear combinations of characters of T, we have 

X( P ,A) = l AX ] ®CAV) [D]- 

Remark 2.6. (a) Recall that the identification of R(r) with the ring of Z- linear 
combinations of characters of T is given by sending a finite dimensional represen- 
tation 7r : r — > End(7i) to its character x-rr(g) — trace(7r(g)) (the now-normalized 
trace on End(W)). If a class in KK r (C, C) = R(r) is represented by a T-invariant 
Fredholm operator F : Ti cv — * H odd , then the corresponding virtual character in 
R(r) is given by the difference function \ = x+ — X- 1 where \+ and \- denote the 
normalized traces of the T-representations on Ji + = kei(F) and 7Y_ = coker(F), 
respectively. Since the value at a point G T only depends on the action of 
on these spaces, it follows that in order to compute it we may always restrict our 
attention to the closed subgroup T g C 0(F) generated by p{g). 

Recall also that the identification KK (C, C) = R(r) is multiplicative in the 
sense that it sends the Kasparov product C§)c on KK r (C, C) to the pointwise product 
of characters in R(r). 
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(b) We may always assume that A £ O(V). Indeed, if A = 0\A\ is the polar 
decomposition of A with O = A\A\ _1 , then the homotopy t i— > 0(ild+(l — t)\A\) 
between A and O induces a T-invariant homotopy between the vector fields AX 
and OX, and the result follows from Lemma |2~T1 

(c) In case where A = Id is the identity, we obtain the class [X] £ Kq(C t (V)). 
It is the "canonical" generator of Kq(CV(V)) as described by Kasparov in O §5] 
and it follows from Kasparov's Bott-periodicity theorem [HI Theorem 7 of §5] that 
[X] <8>c T (v) [D] = 1 £ R(r) (in the language of [14], the class [X] is denoted fly and 
[D] is denoted ay). 

Note that in case of the trivial group T = {e} the above theorem reduces to an 
index computation given by Luck and Rosenberg in [19) . 

The quantity we will be interested in for our Lefschetz theorem is the component 
of the trivial representation in X(p,A) : this is obtained by averaging the character 
over T; thus we derive the formula 

Corollary 2.7. Suppose that F : Ti cv — > 7i odd is a T-equivariant Fredholm operator 
representing the Kasparov product [AX] ®c T (V) [D] £ R(r). Then 

(2.2) dim c (ker r F) - dim c (cokcr r F) = J X ( P ,A) (ff) dg 

(normalized Haar measure) where V T denotes the T-fixed points of a T-module V . 

Example 2.8. In this example we want to compute the class [j4X]®c t (k) [Dr] £ R(T) 
in the special case where V = M. is one-dimensional, following the lines of Kasparov's 
[T51 Example 3 on p. 760]. This gives the key calculation for the proof of Theorem 
12.51 By part (b) and (c) of the above remark we may assume that A is multiplication 
by — 1. Also, by Lemma 12.21 we may restrict everything to the intervall (— tt, tt). 
If we identify L 2 (A^(— tt, tt)) and L 2 (A^(— tt, tt)) with L 2 (—tt,tt) in the canonical 

way, we can realize the class D = D(^_ Tt ^ by the matrix D = I d "jf ) < On 

the basis {e„ : n £ Z} with e n (x) = e mx the operator ^ acts by e n i— > ine n , thus 
we obtain a bounded version d : L 2 (—n, tt) — > L 2 (—tt, tt) of the operator d — 4- by 
defining 

de n = isign(n)e n with sign(n) = 

The vector field x <— > —x on (— tt, tt) is homotopic to x i— > — sin(f). Thus, using 
Lemma 12.21 and the formula for the Kasparov product as given in (|2.ip it follows 
that [— X]®Ct(m.) [-Dr] is given by the T-equivariant index of the operator 

T := — sin(|) + cos(|)d : L 2 (-tt, tt) -» L 2 (-tt, tt). 

To compute it we first compute the index of the operator 

S := 2ie**T = (1 - e ix ) + i{e vx + l)d 

which in terms of the orthonormal basis {e n : n £ Z} is given by 

f-2e n+ i ifn>0 > | 
Se n = < e - e\ if n = > . 
[ 2e„ if n < J 
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It follows then from a short computation that ker S — {0} and coker S =< eo+ei >. 
Going back to the original operator T we get kerT = {0} and coker T is generated 
by | e -** (l + e ix ) = cos(f ). 

If we write write O(M) = {1,-1}, then the corresponding action of —1 on 
L 2 (— 7r,7r) = L 2 (A~(— 7r, 7r)) is given by £ i— > (x h- > — £(— x)). Thus, on the gen- 
erator £(x) = cos(i) of coker T it acts by multiplication with — 1. It follows that 
[— X]® Ct ( R ) [Z?k] G R(r) is represented by the virtual character x given by 



x(g) 



-1 if p(. 9 ) = 1 

1 if p(. 9 ) = -1 



The following lemma will allow to reduce the proof of Theorem 12.51 to the case 
of the above example. 

Lemma 2.9. For i = 1,2 let Vi be an Euclidean vector space with representation 
Pi : r — > 0{Vi) and let Ai G GL(V^) commute with pi. Let V — p = 

Pi © P2 and A = A\ © Ai . Then 

[AX]® Ct{v) [D v ] = ([AiXi]®^^)^]) • {[A 2 X 2 }® Cr (v 2 )[Dv 2 ]) G R(r). 

Proof. It is not difficult to check that under the canonical isomorphism C T (V) = 
CV^i)®^^) we get [AX] = [AiXi]® c [A 2 X 2 ] in KK r (C r (y),C) (compare with 
the formula for fly in [TH p. 546]) and it is shown in [TH p. 547] that [Dy] — 
[£>Vi]<8>c[-Dv 2 ] m KK r (C, C r (F)). The result then follows from the associativity of 
the Kasparov product. □ 

Proof of theorem \2.5l Let g S T be fixed. As observed in Remark 12.61 we may 
assume that T — T g is the closed subgroup of 0(V) generated by p(g) (which 
we then identify with g). We also observed that we may assume without loss of 
generality that A £ 0(V). Let F C V be the set of g- fixed-points in V and let 
iV = F . Then F and N are both, g- and A-invariant, and therefore the result will 
follow from the above lemma if we can show that 

(2.3) ([A F X]®c TiF) [D F ])(g) = signdet(^), 
where Ap denotes the restriction of A to F, and 

(2.4) ([A N X]® CAF) [D N ])(g) = l. 

Since T g acts trivially on F, we may choose an orthonormal basis {v\, . . . ,v{\ of 
F and, up to homotopy, we may assume that A F is given with respect to this 

basis by [ ^ ^ J. If the upper left entry is 1 we have [ApX] = [X] and 
V n-xj 

the result follows from Kasparov's Bott-periodicity theorem (see Remark l2.6l (c)). 
If the upper left entry is —1, we apply the above lemma to the decomposition 
F =< vi > < V2, ■ ■ ■ ,vi >. Since Ap restricts to the identity on < V2, ■ ■ ■ , Vi >, 
this summand provides the factor +1 to the character at g and since g acts trivially 
on < vi > it follows from Example l2.8l that the first summand provides the factor 
— 1 to the character at g. This verifies (|2.3|) . 

To verify (|2.4p we first consider the —1 eigenspace V_i for the action of g on 
N. This is clearly r s - and A-invariant, and we may consider the decomposition 
N = V-i ® V_! of N as in the lemma. If B denotes the restriction of A to V-i 
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we may again assume, up to r g -invariant homotopy, that B 



( 



±1 
h-i 



) 



with 



respect to a suitable orthonormal base . . . , Wk} of V_i. Decomposing 



the second summand provides the factor 1 by Bott-periodicity and the summand 

< wi > provides also the factor 1 by Example 1 2. 8 [ since g acts via the flip on Mwi. 
We therefore may assume without loss of generality that the action of g on N 

does not have eigenvalues 1 or —1. If N ^ {0} let At = cos(i) +i sin(t) be a complex 
eigenvalue for the action of g on the complexification Nc = N + iN of N and let 
Vt C Nc denote the corresponding eigenspace. Again, since A commutes with g, it 
follows that Vt is ^-invariant. Since A is orthogonal (and hence it acts unitarily on 
the complex vector space Vt) there exists a non-zero ^.-eigenvector u = u\+iu2 G Vt 
for some eigenvalue A s = cos(s) + isin(s), s G [0,27r). It follows then from basic 
linear algebra that if we choose u to be a unit vector in Ac, then v2ui,v2w2 
are orthogonal unit vectors in N and then g and A act on the invariant subspace 

< u\,U2 >C N via rotation by the angles t and s, respectively. But then we can 
r ff -equivariantly homotop the restriction of A to < U\,U2 > to the identity, which 
shows that the direct summand < ui,uz > provides the factor 1 to the character 
at g. Equation 1)2.4)1 now follows from a straightforward induction argument. □ 

In the remaining part of this section we want to discuss briefly how Theorem 12. 51 
can also be obtained by appealing to Atiyah and Singer For ease of notation 
let V = R" with standard inner poduct. The cycle (L 2 (A C R™), D + AX) is an un- 
bounded representative for the Kasparov product of the classes [X] ®cv(K») [D] (see 
[TBI Lemma 4] and also [3] and [18] for the realization of KK-classes by unbounded 
operators), it therefore is a T-equivariant Fredholm operator on L 2 (A^(R n )) and 
has a T-equivariant index ind^(Z? + X) £ R(T) such that 



We now eliminate Clifford algebras from the picture, using the tangent bundle 
instead, using the well known KK r -equivalence between C T (R n ) and C (TR") (a 
consequence of Kasparov's Bott-periodicity - see [JJ] §5, Theorem 8], [5j 24.5]). 
Under this equivalence [D] becomes the class \p] of the Dolbeault operator on TM. n = 
C", and [X] becomes in the notation of Atiyah-Singer the Bott generator, j'o!(l) £ 
KK r (C, C (TW 1 )) = K r (TIR n ), where j : {0} -> R n is the inclusion of the origin 
of M. n . Atiyah and Singer say the index map takes the class jo\(l) to 1. On the 
other hand, the class [AX] £ K£(C T (R n )) corresponds to A*(j \(l)) £ K^(TM"). 
Therefore, following [2], computing [AX](8c r (R'')[-D] = m d^(£) + ^4X) is equivalent 
to computing the topological index ind t (A*(jo!(l))) £ R(r) as introduced in [2]. 

As before, in order to compute the character at g it suffices to assume that r = T g 
is the subgroup of 0(n, R) generated by p(g). For convenience, let (3w & K°(TW) 
be the Bott generator, whenever W is a T-invariant linear subspace of R™. As is 
well-known, Kp(7W) is a rank-one R(r)-module with generator 0w Equivariant 
Bott periodicity indf : K®(TW) — > R(r) commutes with the module action, and 
md^{Pw) = 1 G R(r) by Atiyah-Singer [2]. To be explicit, let a: ir*E -> ir*E 
be an odd endomorphism of Z/2-graded bundles, with a an isomorphism outside 
of a compact subset of TR", and so representing a class a £ Kp(TR"). Suppose 



V-i =< Wl > 



< w 2 ,...,w k > 



mdl(D + X) - [X]® CARn) [D] G R(r). 
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b € R(r) is represented by a finite-dimensional T-vector space V. Then a ■ b is 
represented by a ® idy : ir*(E ® V) — > 7r*(T ® V). 

The cycle for Kp (TM n ) representing A^/Jr™ is given by the trivial Z/2-graded 
bundle TR™ x AJ(R") together with the odd endomorphism a: TR™ x A*(R") -> 
TR" x A£(R") determined by the map TR" ->■ C", (x, f) i-> Ac + i£ (using Clifford 
multiplication.) Note that as Ax + i£ vanishes only at the origin of TR™, the 
endomorphism a is an isomorphism outside of a compact set. 

Let F denote the fixed subspace of g and N = F . We have a well-known 
isomorphism 

(2.5) A C (R") = A* C (F)®A* C (N) 

of graded vector spaces, and there is a corresponding isomorphism of (trivial) bun- 
dles. Note that F and N are also A-invariant. 

If we restrict a: TR™ x A c (R n ) -> TR™ x A£(R") to TF, then under the identi- 
fication (|2.5| . the endomorphism a, when restricted to TF, becomes the endomor- 
phism a(g)id N : TF x A£(F)<8>A£(iV) — > TF x A* c (F)(g>A* c (N). Thus we have the 
following. 

Lemma 2.10. If if - F — > R™ is the T-equivariant inclusion, then 

(2.6) i* F (A4^n)) = signdet(A| F )/3 F • [A* C (N)} G K°(TT), 

where A^(N) € R(r) is given by X)f=o^( — ^Yl^c-^], an alternating sum of finite- 
dimensional T-spaces. 

Proof. Given the preceding discussion, it is clear that 

(2.7) i* F (MM) = (A\ F UM ■ [Ac (AO] G K r (TT). 

Since T acts trivially on F (and TT), if the restriction of A to T has positive 
determinant, it is T-equivariantly nomotopic to the identity. If the determinant 
is negative, it is similarly homotopic to a reflection Q, and it is standard that 
Q*(Pf) = —@f in non-equivariant K-theory, but then in this case also, because the 
F-action on TF is trivial. □ 

Following a pattern of argumentation in Atiyah-Segal [I], since p(g) the generator 
of r has no fixed points in N, the class [Ag(AT)] is a unit in the localization R(r) g 
of the ring R(r) at the prime ideal determined by g (see [TJ Lemma 2.7])-indeed, 
this prime ideal consists of all characters which vanish at g, while the character 
corresponding to {A^(N)} is 

dim(JV) 

9^ E (-l) 4 trace( ff : A^V ^ A C JV) = det(l - 5 |J ^ 0. 

For this reason and the above calculation, we see that i* F : K r (TR") — > K r (TT) is 
an isomorphism after localizing at g (c.f. [1, Proposition 2.8]). Since i* F ((3M n ) — 
(3 F ■ [Ajc(AT)] by the same argumentation with A set equal to the identity, we get 
that i F (A*0M.n) = signdet(A| F ) i^(/3r«) and hence since i* F is an isomorphism after 
localization at g, that A*(/3r»i) = signdet(A| F )/3Rn after localization at g. There- 
fore, taking indf of both sides and using that ind^(/?Rn) = 1 £ R(r), gives that 
ind^(A„/3Rn) = signdet(A| F ) 1 € R(r) g . Evaluation of characters at g passes to the 
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localization, and is compatible with evaluation before localization, whence evaluat- 
ing the above expression at g gives that indf (^4*/3r™)(<7) = signdet(A| F ) as required. 
This gives the second proof of Theorem 12.51 

3. The Lefschetz theorem 

Let the countable group G act isometrically, properly and co-compactly on the 
Riemannian manifold X (it follows that X is complete.) Let (j>: X — > X be a 
smooth map. We are going to formulate and prove a Lefschetz fixed-point formula 
in this context using the discussion in Section [T] on Poincare duality between A = 
Cq(X) x G and A = C T (X) x G. To get an endomorphism of the algebra A and 
to be adequate for the formulation of the Lefschetz theorem, we need a couple of 
assumptions on the map (f> on the manifold X. 

First we require a transversality of <j>. Suppose for the moment that the G-action 
on X is free. Then G\X is a manifold, and since <f> maps orbits to orbits, we obtain a 
smooth map 4>: G\X — > G\X. In this case, we want to demand that <f> is in general 
position: that is, that its graph is transverse to the diagonal in G\X x G\X. 

By definition of the smooth structure on G\X, this means the following: If 
x G X , g G G such that 4>(gx) = x, then the map 

(3.1) U-d(<f>og)(x): T X X^T X X 
is non- singular. 

If the G-action is not free, G\X is not a manifold. But the reformulation of 
the condition that <j> be in general position given above still makes sense. We thus 
impose the following: 

Assumption 3.1. For every g G G, the smooth map <j) ° 9'- X — > X is in general 
position, i.e., (|3.1|) holds for all x G X with <fi(gx) = x. 

Next we require the following compatibility of the map <f> and the G-action on 

X: 

Assumption 3.2. There is an automorphism £: G — > G such that 

(3.2) <P{Q{g)x) = g{4>{x)), for all xeX. 

The assumption ensures that the maps / i— » / o cf> and g i— ► £(<?) constitute a 
covariant pair for the action of G on Go (A"). We obtain an automorphism 

(3.3) a: C (X) »G-> C (X) x G. 

The abstract Lefschetz theorem (see [S]) asserts that the Leftschetz number 
equals an index-theoretic pairing, i.e., 

(3.4) Lef([a])HH,A), 
where Lef([a]) is the Lefschetz number of a defined by 

Lef([a]) := tr,(a, : K,(G (X) x G) Q -> K*(G (X) x G) Q ) 

(which only depends on [a] G KK(Go(^) X G, Go(AT) x G)) and [a] denotes the 
Poincare dual of [a] which more exactly equals a*(er*A) G KK(C, A®A), where, as 
before, a : A<gA A(g)A denotes the flip map. 

Therefore to prove Theorem lO.il we want to compute the pairing a* (a* A)® A( |^A, 
where a is as in (|3.3p . By functoriality, this is the same as CT 4 ,A(g) A( A | ^a*(A), which 
we will focus on instead. 
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We set 

(3.5) F e := {(x,g) GlxG p(<f>(gx), x) < e}, 

where p denotes the metric on X. Give F e the structure of a G-space by restricting 
the following action of G on X x G: 

(3.6) h(x,g) := [hx^^ghT 1 ). 

Let F = Fq in the above notation, so F = {(^fiO I 4>{9 X ) = - T }- Then F e is 
a neighbourhood of F and F e — > F as e — > 0. Note also that G leaves F e (and 
likewise F = Fq) invariant, as if p((j)(gx),x} < e then 

p(<t>{({h)gh~ 1 hx),hx) = p(h<j)(gx),hx) = p[(f>(gx),x) < e. 

Let V e be the set of first coordinates of points in F e . Then V e is a G-set for e > 0. 
Let V := V Q . 

Lemma 3.3. The set V is discrete. Furthermore, if 5 > 0, there exists e > such 
that every component of V t is contained in a 5 -ball in X with center in V. 

Proof. Suppose (xj) and (gj) are sequences in X and G respectively such that 
4>(gjXj) = Xj, the Xj are all distinct, and Xj — > x$ for some a^o- Let hj such that 
C(hj) = gj 1 . Then 4>(xj) = hjXj. Since Xj — > xq, ^(^j) — * 0(a;o)i and hence 
fojXj — > <^>(xo). But then 

p(hjXo,<f>(x )) < p(hjX ,hjXj) + p(hjXj,<j>(x )) -* 0. 

But since the G-action is proper, there are only finitely many h S G which map xo 
to any fixed, pre-compact neighbourhood of 0(xo). Hence /ij = h for some /i and 
almost all j. We may assume hj = h for all j, which gives that gj = g for all j and 
then 4> o g has an accumulation point amongst its fixed points, which contradicts 
Assumption 13.11 This argument proves that V is discrete. 

For the second statement, observe that {Vi} is a nested sequence whose in- 
tersection is V. Using the G-compactness of X, we see that, given S > 0, there 
exists n £ N such that Vj_ is contained in the ^-neighbourhood of V. By the first 
statement, the second statement now follows. □ 

Since V is discrete and the G-action on X is co-compact, V splits into finitely 
many G-orbits. Observe that the set of such orbits has an obvious correspondence 
with the set 

(3.7) Fix(0):={peX|0(p)=p}, 

where <j> is the induced map G\X — * G\X and p denotes an orbit of p. Let us 
denote each G-orbit in V corresponding to each point p € Fix((/>) by V p . 

The G-set F admits a similar decomposition, F = UF p , where F p = { (x, h) G F | 
x G V p }. For each V p fix an element g p £ G such that 4>{g p p) — p. Let L p :— g p K p 
be the coset of K p := Stabc(p). Then one can see that L p = {g e G \ <p(gp) = p}. 

From this, we get the following. Consider a point gp E V p . Then there exists 
h e G such that <fi(hgp) — gp, and hence <j)(((g)~ 1 hgp s ) = p = 4>{g p p), so that 
fJpP = C(flO hgp an d 5 , jT 1 C(s , ) _1 ^5 l ^ Kp- Hence h lies in the twisted conjugate 
C(g)L p g^ 1 of L p . The converse of this statement is also true. 

Hence we can write 

V p = {gp | gKp e G/Kp}, F p = {(gp, h) \ gK p e G/Xp, ft € CG?)^ -1 }- 
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Similarly, we get decompositions of V e and F e . By Lemma 13.31 we may choose 
5 > small enough so that all the <5-balls centered at the points of V are disjoint 
and therefore there exists e > such that 

(3-8) V* = U p£Fix(4>),gK p £G/K p Vc,9Pi 

where V tygp is the part of V e which is contained in the (5-ball centered at the point 
gp £ V. Similarly, 

(3-9) Fe — U peFix(<j>),gK p £G/K p ^e,gp, 

where 

F e , gp = {{x, ft) G X x G | x £ V e ,g P , ft £ (ig)Lpg- 1 }. 

In what follows, we shall decribe the pairing a* A0 A( g^a* A as a direct sum of 
Kasparov products which live on the Hilbert spaces L 2 (A^(V e ,p)) p,a , where T Pyg C 
K p denotes the stabilizer of g £ L p under the conjugation action g i— > £(ft)</ft _1 . 
These summands can then be computed via the results of the previous section. We 
start with a careful description of the Hilbert space (recall Definitions 11.101 and 
II. lip . It is the tensor product of the right Hilbert A0 A-module £ described prior 
to Definition 11.111 and the Hilbert space L 2 (A^X)^£ 2 G occurring in connection 
with the fundamental class A, twisted by the automorphism a induced from cf> and 
£ (see p.3p ). Here and throughout we write A for Cq(X) x G annd A for C T (X) X G. 

After twisting A by a, we obtain the Hilbert space L 2 (A^X)&)£ 2 G equipped 
with a twisted representation of A®A whose explicit form we state for the record 
(compare with the untwisted version in (|1.13|) and p.l4p ): the algebra A = Co (AT) x 
G acts via the covariant pair 

(3.10) f(£®e g )=g- 1 (fo ( f>)Z<g)e g , h ■ (£<8e g ) = C®e CWfl , 

for / £ C (X),h £ G and £®e g £ L 2 (A* c X)®i 2 G. The algebra A = C T (X) x G 
acts by the covariant pair 

(3.11) ¥>(€®e g ) = <p£,®e g , h ■ (£,®e g ) = h(£)®e gh -i, 

for ip £ C T (X),h £ G and (,®e g £ L 2 (A^X)<§)£ 2 G. Recall that £ is the completion of 
C c {X)Tjj® ( CG with respect to a certain inner product, where U = {(x, y)\p(x, y) < 
e} for some e > from Remark ll.5l (iv). We may choose (and fix) e such that (|3.8p 
is satisfied for a suitable 5 > 0. 

Notice that there is a well defined inclusion of the algebraic tensor product 
C c (X)Tu CG into A(gA given by sending the elementary tensor a® [ft] to the 
element a([ft]<g>[ft]) G (Cq(X)®C t {X)) x (G x G)) = A(g)A. Using this inclusion, 
we obtain a natural pairing 

M : {C c (X)Tu CG) x {L 2 {K* c X)®i 2 G) -> L 2 (A* c X)®e 2 G 

given by applying the action of AcgA as described in (|3.1ip to the image of 
C c {X)Tu CG under the above described inclusion. 

Recall that F e = {(x,g) £ X x G | p{4>{gx),x) < e}. We denote by L 2 (A* C F C ) 
the set of all £ £ £ 2 (AJAT)0^ 2 G which live on F e in the obvious sense (by viewing 
the elements of L 2 (AJX)0^ 2 G as sections onlx G). We then get 

Lemma 3.4. Let a<S>[h] £ C C {X)T V CG act on L 2 (k* c X)®l 2 G as described 
above. Then (a%)[h\) ■ L 2 (AJAT)0^ 2 G C L 2 c (A* c F e ), where L 2 c {A* c F t ) denotes the set 
of L 2 - sections on F t which vanish outside some compact subset of F e . 
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Proof. If we regard the elements of L 2 (A^X)®£ 2 G as sections on X x G in the 
canonical way, it follows from p. lip that the action of a<g>[/i] on such section fj, G 
L 2 {A^X)®i 2 G is given by the formula 

(3.12) ((a^>[h}) ■ ^)(x,g) ^ a(<f>(gx),x)dUfi(h- 1 xX(h- 1 )9h))), 

where d\ : Cl(T h -i x X) — > Cl(T x X) is the isomorphism underlying the action of 
G on C T (X). Thus the result follows directly from the fact that a is compactly 
supported in U e = {(x, y) : p{x,y) < e}. □ 

In what follows let P C X be a fixed set of representatives for Fix(</>) = G\V, 
with V as in the discussion in the beginning of this section. Let 

S := {(p, 5 if p ) :peF !)? ifpe G/tf p }, 

where if p denotes the stabilizer of p in G. Recall from ()3.9|1 that for e > small 
enough, the set F t decomposes into a disjoint union 

with 

i^.sp = {(a;, h) e x x g | x e v;, 9P , ft e ((s)^ -1 }- 

Note that G acts unitarily on L 2 (ApF e ) via 

(3.13) (sn)(x,g) = d^^xXis-^gs)), 

for s e G, (i e Ll(A^F e ), where, by abuse of notation, d x s : A^(T s -i x X) — » A^(T X X) 
is the isometry induced by the differential d x s : T s -i x X — * This action restricts 

to well defined actions of K p = Stabc(p) on for all p E P. As usual, we let 
L 2 {A} : F et p) Kp denote the iT p -invariant elements in L 2 (A^F etP ). 

In what follows, we equip L 2 (A^F e ) with a new inner product given by 

s£G 

with action of G on L 2 (Aj!j.F e ) as explained above. Note that this inner product 
makes sense, since G acts properly on F € and \i and v are compactly supported. 
We denote by TL e the Hausdorff completion of L 2 (A^F e ) with respect to this inner 
product. 

Lemma 3.5. Consider the composition $ = W o M of maps 

£®^~ K {L 2 {A* C X)®£ 2 G) H t — ® peP L 2 (A* c F e ^, 

where M is given on elementary tensors by the pairing of Lemma \3.4\ and where 

*fo) = ©-7i=T£">k,, 

pe p V \ k p\ sec 

for rj S L^Api 7 ^). TTien $ is an isometric isomorphism of Hilbert spaces. 

Proof. Using formulas ([US]) . IpTTOp . (pTTTj) and ([3TT2} . we compute for all a,® [ft,-] € 
C c (X)J r ;7 ®CG and ^ e L 2 (A* AT)<x>^ 2 G, % = 1,2: 
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(( a l®[^l])®A(&X^l. («2«)[/l2])«) A ^AM2)£^ x L2 (A , x) ^2 G 

= E / (((a2®[/i2], ai®[/ii]>£ • Hi){x,g), fJ, 2 (x,g)) dx 



gee 



A 



= EE/ ((h 2 1 (aas(o!i)) [/i 2 ^/h]®^ *s]) • m(x,g), fi 2 (x,g)) dx 



g£Gs£G 



= EE/ ( h 2 1 ( a *2s{ai))(<p(gx),x)d x h - lshi (n 1 (h 1 1 s 1 h 2 x,C,(s 1 h 2 )gh 2 1 sh 1 )), 

g£Gs£G , ' X 

H 2 {x,g)) dx 

= E E jjtfq 1 (ot 2 s(at)(h 2 (l)(gx), h 2x))d x h -i shi (tufa 1 s~ l h 2 x, ((s^h^gh^shi)), 

fj, 2 (x,g)) dx 



Now, applying on both sides the unitary transformation v i— * h 2 v given by the 
formula in (|3.13p , the above term transforms into 



= EE/ (N«(«i))Wj4*Ji'i(''iV 1 i ,(( s - 1 )j S Ai)), 

g eGseG J x 

d h 2 (M2O2 V Cfa^ghz))) dx 

= EE/ 

a 2 ((f)(gx), x)d x h2 (tx 2 fa x x, ({h 2 1 )gh 2 ))) dx 
= EE/ ( s (( a i®[ /l i]) • MlK^jS), («2®[/l2]) • IMz(x,g)) dx 

sGG g^G'' X 

This shows that M extends to a well defined unitary homomorphism from 
£ A ^(L 2 (A^X)^)£ 2 G) to 7i e , and it is not difficult to see that it has dense image. 
Thus the result will follow if we can show that * : H e —> peP L 2 (A* c F e}P ) K p 
is also isometric (it clearly has dense image). After decomposing F e into the 
disjoint union ^(p, g K p )eS Fe,gp, we may assume without loss of generality that 
P = {p} is a single point. Then L 2 (A^F e ) can be written as the set of finite sums 
r\ = J2 g K Vg with rj g supported on F e ,g P - Each such function is of the form gij' for 
some rj' <E L 2 (A^,F f ^ p ). So assume now that 77, v £ i 2 (AJF CjP ) and g,h £ G. Then 

= ^2{sgV,hv) L 2 {A , Fe) s "''= 9 ^<s7],^) L 2 (a , Fe) = Y (sV,v)L*{AZFt) 
sec sec seK p 

On the other hand, we have 

* (OT,= ^£ S9,k '=7ibJ> ,k ' 

from which we get 

(*(.9?7),*(H>L 2 (A &J F e , p ) = r^T E ( S7 ?'^>L2(AJF £ . P ) = ^ i s V , L* {A* a F e , p ) , 

' P ' s,tGA„ sGA' 
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which now proves that (r)) , (v)) l 2 (A* f, ) = (v^)n € f° r all V> v e ^(A^Fe). 

□ 

Since K p acts on F CiP = V £jP x L p by h-(x, g) — (hx, QQijgh -1 ) as defined in (|3.6p . 
and also since one can consider L 2 {A^F €tP ) as a direct sum of copies of L 2 (A^V e:P ), 
one summand for each point in L p , we have 

i 2 (%) K ' = ®£ 2 (W rM > 

s 

where g runs through a given set £ p of representatives for the orbits in L p under 
the twisted conjugation by K p and r Pi9 C K p denotes the stabilizer of g under this 
action. Thus, combining this observation with the above lemma we get 



(3.14) £® m ~ A {tf{klX)®eG) -0I 2 (A^ e ,/- = 

E E 

with £ = UpgpEp and 7i. P , g — L 2 (A^V etP ). 

We are now going to compute the operator. For this let g £ L p . Since 
p(<p(gx),x) < e for all x £ I4 )P and 5 6 L p , we have (4>(gx),x) £ C/ e for all 
such a; and g. Thus we have a well defined vector field 9 p ^ g : V £jP — > TV e ^ p 
given by 9 p . g (x) = 9 t (tp(gx), x) with 6 e (z,x) — p ^ x ^ d x p(z, x) as in Remark 
11.51 (iv). It determines a class SiP £ KK rs ' p (C, C T (V etP )) as in the previous 
section. Indeed, since Hdr/c^z, x) \\ = 1 for all z, x £ X with z ^ x, it follows that 
8 p . g (x) 2 — 1 = ||# p .g(a;)|| 2 — l^Oifx^ooin V eyP , and therefore the class Pjff is 
given directly via Clifford multiplication of P:9 on C T (V €:P ). On the other hand, 
we can consider the Dirac-class [D p<g ] = [D Ve p ] £ KK rp<J (C r (V C!P ), C). It is repre- 
sented by the restriction F p ^ g of the bounded de-Rham operator F — D(l + Z} 2 ) -1 / 2 
to L 2 (A* c (V e , p )). 

The Kasparov product 9 Pi9 ®c r (v P)e ) [D p , g ] £ KK Fp 8 (C, C) is represented by the 
pair (H p , g ,P Pt g), with H p , g = L 2 (A* C (V P ^)) and 

(3.15) p p , g = \g Pig{x) + x; pg{x) + ^i-\\e p jx)\\ 2 F P}9 . 

(compare with the proof of Lemma ?? above). Since P PiS is r Pjff -invariant, it 
restricts to an operator Q p , g on the subspace of the r pff -invariant vectors in 7i Pjff . 
We then get well defined classes 

(3.16) l(n%g s ,Q P , g )} gkk(c,c) 

for each pair (p, g) £ S. We now get 

Proposition 3.6. The class A<g> A i^a* A £ KK(C,C) is equal to the sum 

E [(^".W eKK(C,C). 
(p,ff)eE 

Proof. Recall the operators F®1 = D(\ + D 2 )^ 1 / 2 ®! and 6 G from Definitions QUI 
and fTTfl Under the identification, E® h ^L 2 {A* c X)®i 2 G = peP L 2 {A* c F etP ) K " 
of Lemma I3"3I the operator 9q®^ on £<g> A ^ A L 2 (A£X)<g^ 2 G corresponds to the 
operator 8 given point-wise by \q, + A~. with 9{x,g) — 6(<p(gx),x) and 
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where X v denotes exterior multiplication with v. Observe that 

h8(x,g)=dt(Hh- 1 xX(h)- 1 gh))=d x h (6(h- 1 <f>(gx),h- 1 x)) 
= 0(<j){gx),x) = 6(x,g), 

since 9 is G-invariant. It follows that O descends to an operator on each 
L 2 (A* c F eyP ) K p. Under the decomposition L 2 (A^F e>p ) K f ^ 9 es p ^pV this 
operator becomes the sum ® g ^ p {^e p g (x) + ( x j) as i n 

(1X15]) . Similarly, the 

operator 1(£)(F(£)1) descents to the sum of the de Rham operators F Pjff under the 
decomposition £® h ^L 2 (A* c X)%)l 2 G = (p ff)eS U p y . To check that the sum of 
the operators 

Qp-.q = X e p , g (x) + K p , g (x) + \J l ~ \\6pA X W F P,9 

on ®( p ^p,s 9 satisfies the axioms of a Kasparov product as explained in Re- 
mark 12751 it is enough to check that T := @( p * F Pi9 is a F(g>l connection. But this 
follows from the description of the isomorphism $ of Lemma 13.51 If £ = a<g> [h] £ 
C c (X)J 7 u(8CG, and if we consider T as an operator on Q) peP L 2 (A^F e>p ) ' via the 
obvious identifications, then the operator 

F c := 6 C (F®1) - (_i) dc s« dc sF Te? g m(L 2 (A* c (X)®1 2 G,Q) L 2 (A* c F e , p ) K ?) 

can be described as the composition of the operator [II(a[/i]<i)[/i]), i 7 ^®!] € 
K(L 2 (A^(X)i^)l 2 G) followed by a projection to the L 2 -sections on a finite union of 
components in F e (which are determined by the support of a), and then followed 
by the operator 4" of Lemma ??, which becomes bounded when restricted to the 
set of L 2 -sections on a fixed finite number of components of F c . Thus F% is a 
composition of a compact operator by bounded operators, hence it is compact. 
This finishes the proof. □ 

Finally, to get the corresponding integer for the class A® A ^a* A S KK(C, C) = 
Z, we want to compute the index of the operator H , which is the sum of indexes 
of Q p _g for all (p, g) € S. That is, 

(3.17) c7*A(8 A(§x a*A = £ Ind(Q p , 9 ). 

We do this by first computing the classes [(7i. P , g , P P , g )] & R-(r p , ff ) and then comput- 
ing from this the index of Q p , g as in Corollary 1 2. 71 

To compute [(7i Pl9 , P P , g )] S R(r P)9 ), we linearize using the exponential map so 
that we are considering a similar problem in Euclidean space. So in what follow we 
may assume that p = is the origin in R" and V €tP is some open neighborhood of 
p = in R™. By choosing e small enough, we may further assume that p = is the 
only fixed point of the differential map x <— > <p(gx). This implies that the vector 
field 6 Pt g : V e7P — ► TV CjP only vanishes at the point p = 0. The group T P)9 acts on 
TV t: Q through the standard action of 0(n, R) on R™. Let p pg : L Pj9 — ► 0(n, R) be 
the corresponding representation. 

We know from Lemma |2~T1 that the class [{Hp, g , Pp,g)] S R(r PiS ) only depends on 
the homotopy class of # p , g , where, by Lemma 12.21 we may restrict 6 p . g to arbitrarily 
small open balls around 0. 
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Note first that under the identification of V e>p with a neighborhood of in l n 
via the exponential map, the metric, call it p, on V etP is not necessarily the flat 
metric coming from R". However the convex combination of the metric p and the 
Euclidean metric, pj&n, gives a homotopy, pt, between these two metrics. That, 
in turn, gives a homotopy, 9 t :— (*j(dyPt)) (<fi(9x),x)) of corresponding vector 
fields. Therefore without loss of generality, we may assume that the set V e>p is 
equipped with the Euclidean metric and that Q P:g (x) — x — (4>og)(x). By calculus, 
x—((f)og)(x) = (Idjjn — d{4> o g)(p))-x+ip(x) for some ip such that — > as x — > 0. 
Then, in a small neighbourhood of p = 0, t i— > (Idi» — d(cj) o g)(p)) ■ x + ttp(x) gives 
a homotopy, 8 P:g ~ (Idgn — d(0 o g)(p)) ■ x — W P:9 X with W Pt9 — Idn» —d(<j>o g){p). 
It follows then from Lemma together with Corollary 12 . 71 that 

Ind(Q Pi9 ) = — — £ X( Pp , g ,w p . e )(g), 
\ L p,g\ aer 

yti pg 

where X(p,A){K) = s ig n det(A| Fix (; l -)) is the orientation character as in Definition ^. 41 
Putting all together, we have the following theorem: 

Theorem 3.7. The pairing ([a], A) is given by 

(3-18) (N,A>= £ 1F-T £ X( Pp , M (h)- 

(p, fl )eE 1 pM her P:9 

The above theorem together with the abstract Lefschetz theorem of [5] proves 
our Lefschetz fixed point theorem, Theorem lO.il 
We now discuss an example. 

Example 3.8. Let G = Z x Z/2Z be the infinite dihedral group. It is the subgroup of 
Iso(R) generated by u(x) = —x and w(x) = x + 1. It has the relation mow = 
and has two conjugacy classes of finite subgroups K\ :=< u >— Stabc(O), and 
K2 ■=< wu >= Stabc(^). A fundamental domain for the action is the interval 
[0, i]. Note that 6 ^ \ e M, where we use dot notation to indicate orbits. 

The K-theory of Co (K) x G is 1? in dimension and is trivial in dimension 1 . A 
general property of proper actions tells us that C(G\M) = C[0, 1] is strongly Morita 
equivalent to an ideal in Co (K) x G, and one K-theory generator corresponds under 
this strong Morita equivalence and the inclusion of the ideal, to the class of the 
unit in C(G\M). We denote this class [E]. The other two projections come from 
the C*{Ki), i = l,2. We denote them [p t ], i = 1, 2. 

Let 



0:K->R, cj)(x)=- 




Let £: G — > G be ((u) — uw and C( w ) — w 1 ■ Then £ extends to an automorphism 
of G, and </>(£(a;)) = gcj)(x) is easily checked for g — w,u, so that we get a covariant 
pair. The map <j> has one fixed orbit, which is 4; note that (/> itself fixes \. The 
derivative at this point is —1, so that we get a positive sign attached to this point. 
Since ^ has no isotropy in G, we only get a contribution of +1 from this fixed 
orbit: the local side of the Lefschetz formula is equal to 1. On the global side, since 
C(Ki) = K2, there is no tracial contribution from the summands Zp% @Zp2, and 
therefore tr s (a* ) = 1 , with a : Co (K) x G — > Co (M) x G the induced automorphism. 

For a second example, let £ be the identity. Let 4> be a small perturbation of the 
identity map R — ► R which can be roughly described as follows. Firstly, 4> maps 
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the interval [0, ^} to itself. It fixes and i, and has derivative zero at both these 
points. It also fixes the point j, and has derivative rather large at this point (in 
particular greater than 1.) Finally, 4> is extended to a G-equivariant map M — > M 
in the obvious way. 

Clearly <j> is proper G-homotopic to the identity, so its graded trace on K-theory 
is 3. It has three fixed orbits 0, |, and i, which are actually fixed points in K. The 
first and third of these come with a positive sign, and are weighted by the number 
of conjugacy classes {i.e. the number of elements) in the isotropy groups K\ and 
K 2 of these points. We thus get a contribution of (1 + 1) + (1 + 1) = 4 from the 
first and third fixed points, and, since j has no isotropy, and 4>'{j) > 1, we get 
a contribution of —1 from the second fixed point, with a net contribution of 3, as 
required. 

On the other hand, if we change the above map <f> just to have now large deriva- 
tives at and h and zero derivative at j . Then we get a contribution 0+1 from 
and also the same from ~, and 1 from i, with a net contribution of 3 again. 
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